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The path-based coverage of a wireless sensor network is to analyze how well the network
covers the sensor field in terms of paths. Known results prior to this research, however,
considered only a single source–destination pair and thus do not provide a global outlook
at the given network but a local feature for the given source–destination pair. In this paper,
we propose a new coverage measure of sensor networks that considers arbitrary source–
destination pairs. Our novel measure naturally extends the previous concept of the best
and the worst-case path-based coverage to evaluate the coverage of a given network from
a global point of view, taking arbitrary paths into account.

In terms of the present coverage measure, we pose the evaluation and the deployment
problems for give a network; the former is to evaluate the new coverage measure of a given
sensor network, and the latter is to find an optimal placement of k additional sensor nodes
to improve the coverage for a given positive integer k. We present several algorithms that
are either centralized or localized that solve the problems with theoretical proofs and sim-
ulation results, thus showing that our algorithms are efficient and easy to implement in
practice while the quality of their outputs is guaranteed by formal proofs. For the purpose,
we show an interesting relation between the present coverage measure and a certain quan-
tity of a point set, called the bottleneck, which has been relatively well studied in other dis-
ciplines such as computational geometry and operations research.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Coverage characterizes the ability or the quality of a sen-
sor network in monitoring its sensing field and is considered
as one of the fundamental problems in wireless sensor net-
works [13,30,33,34]. Various coverage concepts such as
point-based coverage and barrier coverage [6,19,22] were
studied. In this work, we deal with the path-based coverage
of wireless sensor networks which considers the coverage
with respect to paths of moving agents. In their pioneering
work, Meguerdichian et al. [24] introduced two path-based
coverage problems: the best-case and the worst-case cover-
age problems, which deal with maximal support paths and
maximal breach paths, respectively.

The maximal support path between a source and a desti-
nation is a path such that the maximum distance from
every point on it to the sensors is minimized. Suppose that
several robots are assigned to a job of monitoring an area.
While they are traveling to collect information in the area,
they can communicate with the wireless sensor nodes to
transmit information or to be assigned new jobs. In this
case, one would expect the robots to be as close as possible
to the sensor nodes while moving in the field by several
reasons, for example, to minimize the power consumption
rks, Ad
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of the sensors or to watch the robots with the sensors. In
this situation, the maximal support path is the best path
for the robots. Meguerdichian et al. [24] presented a poly-
nomial time algorithm that finds a maximal support path
connecting two given points by exploiting the Delaunay
triangulation. The problem of deploying additional sensors
to improve the maximal support path was also considered
in [14,15,23,24].

The maximal breach path is defined as a path between a
source and a destination which maximizes the minimum
distance from every point on it to the sensors. For example,
an intruder of the network would want to traverse the sen-
sor field while being as far as possible to the sensors to
avoid detection. In this case, the maximal breach path is
the worst path for the detector. Meguerdichian et al. [24]
showed that the maximal breach path can be found in
the Voronoi diagram. The deployment problem to improve
the maximal breach path was also considered by Gau and
Peng [12] and Duttagupta et al. [10].

However, previous works mostly considered only the
case where the source and destination are given, and thus
do not provide a global outlook at the given sensor net-
work, offering only a narrow view restricted to a specified
path. In many practical applications, we need to consider
more than just one source and destination pair because
there may be many mobile agents whose path are not
known in advance in a sensor network. For example, sup-
pose that a sensor network provides a service for smart-
phone users. There are numerous users and their paths
are hard to predict. Also, in the previous example of robots
monitoring a sensor network, each robot may have its own
source and destination pair; even the destinations of the
robots could be currently undecided but specified after-
wards. In such cases, how can we measure the best-case
coverage of the network and where do we need to place
additional sensors to improve it? Moreover, for the
worst-case coverage, it is unrealistic to assume that we al-
ways know the source and destination points of an intru-
der; if we knew, then we could just place the sensors to
the known source and destination points to minimize
breach. For security, we need to consider all possible paths
of intruders and improve the worst-case coverage with
Fig. 1. Maximal support paths and maximal breach paths for some source
and destination points in a sensor network. For arbitrary source–
destination pairs, their support and breach values are determined by
the bottleneck (longest) edge of the minimum spanning tree.
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respect to all possible paths. This motivates us to extend
the concept of the best-case and the worst-case coverage
to consider arbitrary paths in the network. In this paper,
we introduce two new coverage measures, called the sup-
port and the breach of a sensor network that consider arbi-
trary maximal support paths and maximal breach paths,
respectively, that depend on the distribution of the sensor
nodes, not on a specific pair of points or a path connecting
them (see Fig. 1).

We consider two problems with respect to the support
and the breach of the sensor network: the evaluation prob-
lem is to compute the value of the support/breach of a gi-
ven sensor network, and the deployment problem is to find
optimal locations for k additional sensors to best improve
the support/breach for a given integer k. A surprising result
is that for arbitrary paths, the two measures for the best-
case and the worst-case coverage coincide. Thus, unlike
the previous results that required different schemes
depending on the best-case or on the worst-case coverage,
for our new coverage measure, a unified algorithm suffices
for both.

We show that our evaluation and deployment problems
are closely related with the bottleneck spanning tree and the
bottleneck Steiner tree, which have been well studied in
operations research and computational geometry
[5,9,11,16]. Consequently, the support/breach of a given
network of n sensors can be computed in O(n logn) time
in a centralized manner or in O(n logn) communication
cost in a localized manner, and the deployment problem
is shown to be NP-hard even to approximate within an
approximation ratio of

ffiffiffi
2
p

. In doing so, we also prove that
a maximal support path can always be found in the mini-
mum spanning tree of the given network. This is of inde-
pendent interest and, provides us with a much easier
way to handle and maintain maximal support paths in a
localized environment. Moreover, this improves the result
of Li et al. [21], which states that a maximal support path
can be found in the relative neighborhood graph, a super-
graph of the minimum spanning tree.

In summary, the main contributions of our paper are as
follows. First, we define a new coverage measure for sensor
networks and show that it captures both the best-case and
worst-case coverages for arbitrary paths. Second, we show
how to obtain the value of this new coverage measure of a
given network. This can be done efficiently using either a
centralized algorithm or a localized algorithm. Third, we
show that this new coverage measure is closely related
to the bottleneck spanning tree, and from this observation,
we give a new algorithm for finding positions to deploy
new sensors to improve the value of the coverage measure
with a guaranteed performance.

The rest of the paper is organized as follows: In Sec-
tion 2, we briefly introduce some preliminaries including
geometric structures and the bottleneck spanning/Steiner
tree. In Section 3, we formulate new path coverage prob-
lems with respect to arbitrary paths. In Section 4, we for-
mally prove that a maximal support path can be found in
the minimum spanning tree of a given sensor network.
Based on this new discovery, we prove that our problems
can be transformed to finding a bottleneck spanning/Stei-
ner tree and present algorithms that solve the evaluation
rage problems for arbitrary paths in wireless sensor networks, Ad
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Fig. 2. Three proximity graphs for maximal support paths. (a) Delaunay triangulation, (b) relative neighborhood graph, and (c) minimum spanning tree.
One can see the inclusion relation between them.
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and the deployment problems with theoretical guarantees.
Some simulation results are given in Section 5 and finally
we conclude the paper with a discussion in Section 6.

2. Preliminaries

Coverage problems in wireless sensor networks are
mostly discussed in geometric models. Here, we briefly
introduce several geometric structures related to our work.

2.1. Voronoi Diagram, Delaunay triangulation, and its
subgraphs

The Voronoi diagram VD(S) of the points S is a subdivi-
sion of the plane into Voronoi regions. The Voronoi region
of p 2 S is the set of points that are closer to p than the oth-
ers in S. If we connect adjacent Voronoi regions by edges,
we obtain the dual structure of the Voronoi diagram called
the Delaunay triangulation. The Delaunay triangulation
DT(S) of the set S of points in the plane R2 is a triangulation
such that the circumcircle of each triangle contains no
point of S in its interior. These two structures DT(S) and
VD(S) have been intensively studied in Computational
Geometry and are widely used in many areas. For more de-
tails about the Voronoi diagram and the Delaunay triangu-
lation, we refer to a survey paper by Aurenhammer and
Klein [2]. Though the Delaunay triangulation DT(S) well
spans all the nodes in S, it is known that DT(S) is hard to
construct in a localized way [21]. Thus, several subgraphs
were proposed. The relative neighborhood graph RNG(S)
consists of all edges uv such that the intersection of the
two circles centered at u and at v with radius kuvk contains
no other points in S in its interior [17,28]. The (Euclidean)
minimum spanning tree MST(S) of a point set S is a tree
spanning all points in S in the plane that minimizes the
sum of the (Euclidean) lengths of its edges. Following their
definitions, it is not difficult to show the following relation

MSTðSÞ# RNGðSÞ# DTðSÞ;

that is, MST(S) is a subgraph of RNG(S), and RNG(S) is a sub-
graph of DT(S) [25] as illustrated in Fig. 2.

2.2. Bottleneck spanning/Steiner tree

A bottleneck spanning tree of S is a tree spanning all
points in S that minimizes the maximum of the lengths of
its edges. We call the length of a longest edge in a bottle-
neck spanning tree of S the bottleneck of the set S, denoted
Please cite this article in press as: C. Lee et al., Best and worst-case cove
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by btn(S). Notice that the bottleneck btn(S) of S is only
dependent on S, not on how to construct a spanning tree.
It is easy to see that there may be many bottleneck span-
ning trees for a set S and the minimum spanning tree
MST(S) is also a bottleneck spanning tree [5]. Computing
a bottleneck spanning tree is not difficult and can be done
in a localized way with optimal costs [3].

A (Euclidean) bottleneck Steiner tree of S with k Steiner
points is a tree spanning S and k additional nodes that min-
imizes its longest edge by selecting optimal locations for k
nodes. The (Euclidean) bottleneck Steiner tree problem is
described as follows: given n points in a plane and a posi-
tive integer k, find a bottleneck Steiner tree with at most k
Steiner points. Unlike the classical Steiner tree problem
where the total length of the Steiner tree is minimized, this
problem asks for a Steiner tree where the maximum of the
edge lengths is minimized, and the Steiner points in the
resulting tree can be chosen in the whole plane R2. These
problems, and their variations, have known applications
in VLSI layout [7], multifacility location, and wireless com-
munication network design [31].

The bottleneck Steiner tree problem is known to be NP-
hard to approximate within a ratio of

ffiffiffi
2
p

[31]. This means
that it is impossible to get an approximate solution within
a ratio of

ffiffiffi
2
p

in polynomial time unless P = NP. The best
known upper bound for the approximation ratio is 1.866
by Wang and Li [32]. There has been some effort in devis-
ing an exact algorithm for finding the locations for k Stei-
ner points [11,27]. Very recently, three of the authors
have worked on this matter coming up an O(n logn)-time
and an O(n2)-time exact algorithm for k = 1 and k = 2 [5],
and finally Bae et al. [4] presented an exact algorithm that
runs in O(n logn + nk) time for any k P 1.

3. Problem formulation

We assume that the sensor nodes are given as a set S of
n points in a two-dimensional domain X, which is a
bounded and convex subset of R2. This guarantees that
the convex hull of the set S of sensors is completely con-
tained in the domain X.

3.1. Best-case/worst-case coverage based on paths

We start with a review of known concepts on path-
based coverages. They indeed define how well or badly a
moving agent can be covered by the sensors while it trav-
els from a point to another in the domain X, so the best
rage problems for arbitrary paths in wireless sensor networks, Ad
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Fig. 3. A maximal support path (thick segments) from s to t can be found
by using the Delaunay triangulation (thin gray segments) of the given set
of sensors.
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and worst-case coverage measures are obtained for a given
pair of points.

First of all, the distance dist(x,A) between a point x 2X
and a set A �X of points is determined as usual:

distðx;AÞ ¼min
y2A
kxyk:

For the best-case, we define the support of a point set by
another set as follows.

Definition 1. The support of a point set A �X by another
set B �X is

supportðA;BÞ ¼ max
x2A

distðx;BÞ:

Because any path P contained in X can be viewed as a
set of points in X, we can now discuss the distance be-
tween a path P and the set S of sensors with respect to
the support defined above. For a path P, the support sup-
port(P,S) of P by the sensors S is also called the support
of P [15].
Fig. 4. A maximal breach path (thick segments) from s to t can be found
by using the Voronoi diagram (thin gray segments) of the given set of
sensors.
Definition 2. For fixed s, t 2X, a path P connecting s and t
is called a maximal support path in the sensor field if P
achieves the minimum possible support. That is

supportðP; SÞ ¼ min
any path P0 between s and t

supportðP0; SÞ:

Also, this value is called the support distance between s
and t, denoted by support(s, t).

On the other hand, the worst-case coverage is handled
with notion of breach.

Definition 3. The breach of a point set A �X by another
set B �X is

breachðA;BÞ ¼min
x2A

distðx;BÞ:

In other words, breach(A,B) represents the minimum
Euclidean distance between two sets of points. Then, for
a given source and destination pair, the maximal breach
path is defined as a path with the maximum breach.
Definition 4. For fixed s, t 2X, a path P connecting s and t
is called a maximal breach path in the sensor field if P
achieves the maximum possible breach. That is

breachðP; SÞ ¼ max
any path P0 between s and t

breachðP0; SÞ:

The best-case/worst-case coverage problem asks to find a
maximal support/breach path connecting two given points
in the domain, respectively. Meguerdichian et al. [24] pro-
posed efficient algorithms to find a maximal support/
breach path by exploiting the Delaunay triangulation and
the Voronoi diagram of the given sensors, respectively.
Figs. 3 and 4 illustrate a maximal support path and a max-
imal breach path, which goes through the Delaunay trian-
gulation and the Voronoi diagram of the sensors S,
respectively. Li et al. [21] gave a formal proof of the cor-
rectness of the algorithm by Meguerdichian et al. and fur-
ther showed that the relative neighborhood graph is
enough to find a maximal support path.
Please cite this article in press as: C. Lee et al., Best and worst-case cove
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Theorem 1. Li et al. [21] Given a set S of sensors in the
domain X and any pair of two points s, t 2X, there is a
maximal support path P from s to t such that (1) P connects s
to its closest sensor us 2 S and t to its closest sensor ut 2 S and
(2) the sub-path of P from us to ut goes only along the edges of
the relative neighborhood graph of S.

The optimal coverage deployment problem asks to find
the deployment locations for additional k sensor nodes so
that the support/breach between two given points is im-
proved the most. For the maximal support paths, Meg-
uerdichian et al. [24] mentioned a simple heuristic
method: for a given pair of points, it finds a maximal sup-
port path and places sensors on the longest segment of the
path. Recently, Hou et al. [14] proposed an optimal place-
ment algorithm to improve the maximal support paths,
exploiting Dijkstra’s shortest path algorithm.

For the maximal breach paths, Gau and Peng [12] pro-
posed two approaches to improve the worst-case coverage
by adding k additional sensors. The one exploits the dual
relationship between the worst-case and the best-case
coverage and the other is based on a genetic algorithm.
Their algorithms, however, do not guarantee an optimal
placement. Duttagupta et al. [10] proposed another mea-
sure called the average maximal breach considering maxi-
mal breach paths connecting Voronoi vertices, while their
average maximal breach does not represent the maximum
breach of the given network.

3.2. New coverage measure considering arbitrary paths

Here, we extend the support and breach of a given pair
of source and destination to consider any arbitrary path by
defining two new measures for the quality of service of a
given sensor network, called the support and breach of a
sensor network itself.
rage problems for arbitrary paths in wireless sensor networks, Ad
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(a) (b)
Fig. 5. Illustration to the proof of Theorem 2. (a) Two paths P and P0

between u and v and (b) the set X = (P [P0)n(P \P0) consists of several
cycles.
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Definition 5. The support of the set S of sensors in the
domain X, denoted by support(S), is the maximum value
among the support distances of all pairs of points belong-
ing to S. That is

supportðSÞ ¼max
u;v2S

supportðu; vÞ:

Since a maximal support path connecting s, t 2X can be
obtained by finding the closest sensors u 2 S from s, v 2 S
from t, and a maximal support path between u and v by
Theorem 1, support(S) well represents the coverage of the
network S, giving a guaranteed quantity of support dis-
tances between any pair of two points. Unlike the coverage
problems studied previously [14,15,21,24], where only a
single path is considered, this new quantity provides a
way of viewing the given network from a more global
viewpoint by considering arbitrary maximal support paths.

The breach of the set S of sensors is defined similarly
but one has to be more careful for what paths to consider
since it is improper to take the set of sensors as candidates
for source and destination points. Thus, for the maximal
breach paths, we consider all paths that properly cross
the domain. More precisely, a path P is said to cross the do-
main X if and only if the endpoints of P lie outside of X
and P partitions X into two parts each of which contains
at least one sensor in S. In other words, we do not consider
the paths where all the sensors in S lie completely on one
side of the path. This restriction is quite reasonable be-
cause the notion of breach is originally modeled for detect-
ing an intruder that crosses the sensing field. The most
vulnerable part of the domain X is characterized with
the maximum breach value over all such paths crossing X.

Definition 6. The breach of the set S of sensors in the
domain X, denoted by breach(S), is the maximum breach
among all possible paths crossing X:

breachðSÞ ¼ max
any path P0 crossing X

breachðP0; SÞ:

In the worst-case coverage, we are interested in finding
the most vulnerable area of the sensor network to an intru-
der. Because breach(S) represents the maximal breach
among paths that cross the sensing field, it gives the mea-
sure of how vulnerable the network is, when considering
arbitrary paths.

This paper considers the evaluation and deployment
problems with respect to support(S) or breach(S) of the gi-
ven sensor network: The evaluation problem is to compute
the values support(S) or breach(S). The deployment problem,
for a given integer k > 0, is to find a set Q of k locations for
additional sensors to minimize support(S [ Q) or
breach(S [ Q), the support or breach of S [ Q, respectively.

4. Algorithms and theoretical guarantees

4.1. Minimum spanning trees for maximal support paths

Computing the maximal support path between a given
source–destination pair is a fundamental operation for
our problems. Li et al. [21] showed that a maximal support
path between any two points in X can be found in the
Please cite this article in press as: C. Lee et al., Best and worst-case cove
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relative neighborhood graph of the sensors S, as stated in
Theorem 1. Here, we first show that the minimum span-
ning tree, which is a subgraph of the relative neighborhood
graph, is indeed sufficient to find maximal support paths in
it.

Theorem 2. Given a set S of sensors in the domain X and any
pair of two points s, t 2X, there is a maximal support path P
from s to t such that (1) P connects s to its closest sensor
us 2 S and t to its closest sensor ut 2 S and (2) the sub-path of
P from us to ut goes only along the edges of the minimum
spanning tree MST(S).
Proof. From Theorem 1 by Li et al. [21], we know that
there is a maximal support path that connects s to us and
t to ut. Thus, we can focus only on the case where two end-
points are sensors us and ut in S.

The proof is done by contradiction. Suppose that the
theorem is false and thus there exist u, v 2 S such that the
path P between u and v in MST(S) has a strictly larger
support distance than a maximal support path P0 between
u and v that goes only along the edges of the relative
neighborhood graph of S. Consider the symmetric differ-
ence X of two paths P and P0, that is, X = (P [P0)n(P \P0).
Because both are paths connecting u and v, the set X is a
union of several cycles. See Fig. 5. Furthermore, X is not
empty since P – P0 and thus consists of at least one cycle.
Take one of those cycles that contains the longest edge in
P, say C. (Since support(P,S) > support(P0,S), the longest
edge of P must appear in X.) Note that C can be seen as a
union of two parts, C \P and C \P0.By our selection of C,
we also have support(C \P,S) = support(P,S) > sup-
port(P0,S) P support(C \P0,S). Letting e be the longest
edge in P, we get 1

2 kek ¼ supportðe; SÞ ¼ supportðC \P; SÞ.
On the other hand, because P0 goes only along the edges of
relative neighborhood graph, supportðC \P0; SÞ ¼
maxe02C\P0supportðe0; SÞ ¼ maxe0 2 C \P0 1

2 ke0k. Therefore,
we have kek ¼ 2supportðC \P; SÞ > 2supportðC \P0; SÞ¼
maxe02C\P0 ke0k, implying that e is the longest edge in cycle
C but e is contained in MST(S). This is a contradiction to so-
called Red Rule for the minimum spanning tree; in any
cycle of a given graph, the edge with maximum length
must be excluded out from the minimum spanning tree of
the graph [29]. Hence, we conclude that there does not
exist such a path P0, completing the proof. h

The minimum spanning tree MST(S) can be built locally
in O(n logn) time and with O(n logn + jEj) communication
cost [3], where jEj is the number of edges in the communi-
rage problems for arbitrary paths in wireless sensor networks, Ad
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Fig. 6. Exact deployment algorithm for k = 1.
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cation graph. Moreover, once MST(S) is maintained, a max-
imal support path can be easily retrieved since there is a
unique path in it between any pair of sensors in S.

From a theoretical point of view, Theorem 2 further im-
plies that MST(S) is the minimal graph in which one can
find the maximal support paths; since MST(S) is a spanning
tree of S, any graph with less edges than MST(S) cannot be
exploited as a topology of the sensor network.

4.2. Evaluation algorithm

The evaluation problem is to compute the support sup-
port(S) and the breach breach(S) of the given sensor net-
work. Theorem 2 naturally implies an important relation
between the bottleneck btn(S) of S and the support sup-
port(S) of S. Surprisingly, using the dual relationship be-
tween the maximal support paths and the maximal
breach paths, we can show that the breach breach(S) of a
set S of sensors is actually the same as the support sup-
port(S) of S.

Lemma 1. For any set S of n sensors distributed in the
domain X, we have
supportðSÞ ¼ breachðSÞ ¼ 1
2

btnðSÞ:
Proof. For any u, v 2 S, let P(u,v) be the path between u
and v in MST(S). By Theorem 2, we know that P(u,v) is a
maximal support path connecting u and v, and we have
(a) (b
Fig. 7. Illustration to how Algorithm EXACTONE works. (a) Compute MST(S). (b) Rem
the points in each of the resulting subtrees, and compute the smallest color span
shows that an additional sensor node can remove e1 and e2, simultaneously.

Please cite this article in press as: C. Lee et al., Best and worst-case cove
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supportðPðu;vÞ; SÞ ¼ max
e2Pðu;vÞ

1
2
kek 6 1

2
btnðSÞ;

since MST(S) is a bottleneck spanning tree of S. The equality
is realized when we take u, v to be the endpoints of the lon-
gest edge in MST(S). Hence, we have supportðSÞ ¼ 1

2 btnðSÞ.
Let P be a maximal breach path crossing X. By

definition, P partitions S into two nonempty subsets S1

and S2, where S = S1 [ S2. This implies that P cuts at least
one edge e of MST(S). Moreover, P should pass through the
midpoint of e since P is a maximal breach path, so we
obtain breachðP; SÞ ¼ 1

2 kek. Since the value breach(P,S) is
maximized when e is the longest edge of MST(S), we obtain
breach(S) is equal to half of the length of the longest edge of
MST(S), that is, the bottleneck btn(S). Consequently, we
conclude that breachðSÞ ¼ 1

2 btnðSÞ. h

We obtain the following theorem from the above lemma.

Theorem 3. Given a set S of n sensor nodes in the domain X,
support(S) and breach(S) of S can be computed locally with
O(nlogn + jEj) communication cost and in O(nlogn) time,
where jEj is the number of edges in the communication graph
Proof. By Lemma 1, we complete the proof by computing a
bottleneck spanning tree of S and traversing every edge of
the tree to compute the bottleneck btn(S) of S. Recall that
the minimum spanning tree MST(S) is a bottleneck span-
ning tree. In the two-dimensional space X, an optimal con-
struction of MST(S) in a localized manner is well known by
Awerbuch [3], thus proving the claimed communication
cost and time. h
) (c)
ove the longest and the second longest edges, e1 and e2 (when c = 2), color
ning disk (dashed gray circle). (c) Return the center q of the disk; this also
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(a) (b)
Fig. 8. Illustration of topology of two additional sensors q1 and q2 in an optimal solution (a) q1 and q2 are not adjacent (b) q1 and q2 are adjacent.

(a) (b) (c)
Fig. 9. Illustration to how Algorithm EXACTTWO works. (a) Compute MST(S). (b) Remove the longest edges e1, e2 and e3 (when c = 3), color the points in each of
the resulting subtrees, and compute the smallest color spanning disk (dashed gray circle). (c) Return two centers q1 and q2; this also shows that an
additional sensor node can remove three edges from MST(S) simultaneously.
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4.3. Deployment algorithms

For a given positive integer k, the deployment problem
asks for a set Q of k points in the domain X that minimizes
the support(S [ Q) or breach(S [ Q) of the sensor network
including n given sensor nodes and k additional ones. Since
the support and the breach of a given set of sensors are the
same, a deployment algorithm can optimize both quanti-
ties at the same time.

Lemma 1 implies that our deployment problem is
equivalent to the bottleneck Steiner tree problem, which
finds k additional points Q minimizing the bottleneck
btn(S [ Q), as described in Section 2. Therefore, the hard-
ness results of the bottleneck Steiner tree problem by
Wang and Du [31] are inherited into our problem.

Theorem 4. The deployment problem for k > 0 additional
sensors is equivalent to the Euclidean bottleneck Steiner tree
problem with k Steiner points. Therefore, the problem is NP-
hard even to approximate within approximation ratio

ffiffiffi
2
p

.

In other words, it is impossible to get a polynomial-time
ratio-

ffiffiffi
2
p

approximation algorithm for our deployment
problem unless P = NP.

On the other hand, several known algorithms for the
bottleneck Steiner tree problem can be exploited. Wang
and Li [32] presented an approximation algorithm with ra-
tio 1.866. This gives the currently best known upper bound
on the approximation ratio but the algorithm is hard to
Please cite this article in press as: C. Lee et al., Best and worst-case cove
Hoc Netw. (2013), http://dx.doi.org/10.1016/j.adhoc.2013.03.005
implement and is inefficient, taking O(n3k3) time. Further-
more, an exponential-time exact algorithms is known,
which run in O(n logn + nk) time [4]. This exact algorithm
is rather from a theoretical point of view, so it is hard to
implement since it exploits several primitives of polynomi-
als. Nonetheless, for small k, it would be still applicable, as
Bae et al. [5] described exact algorithms for k = 1 or k = 2.

In this paper, we propose a new 2-approximation algo-
rithm, which combines three existing algorithms; optimal
exact algorithms for k = 1 and k = 2 [5] and an approxima-
tion algorithm by Wang and Du [31]. We briefly review
these existing algorithms before introducing our
algorithm.
4.3.1. Exact algorithm for k = 1
Here, we introduce the exact algorithm for the deploy-

ment problem when k = 1, that is, when we want to deploy
a single sensor node.

Let e1, . . . , en�1 be the edges of MST(S) in the order that
their lengths are not increasing. Since MST(S) is a bottle-
neck spanning tree of S, we have btn(S) = ke1k, the length
of the longest edge in MST(S). In order to have a strictly
better bottleneck with a new node, we must be able to re-
move the longest edge e1 by the additional sensor. Intui-
tively, the algorithm removes the longest edge in MST(S)
by adding a node but it does not always put a new node
on the edge e1. Sometimes, the newly added node with
some new edges can replace the longest and the second
rage problems for arbitrary paths in wireless sensor networks, Ad
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Fig. 10. Exact deployment algorithm for k = 2.
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longest edges e1, e2, simultaneously, or even the third e3.
Fig. 7c shows an example where a new node q and new
edges incident to q replace e1 and e2, simultaneously. But,
it is shown in [5] that it is impossible to simultaneously re-
place all of e1, . . . , e5 by one newly added node.

In order to minimize btn(S [ {q}), it is obvious that effort
to remove ei without removing ei�1 is useless. Hence, we
are left with only four cases; we could remove e1, . . . , ec

by an optimal solution for c = 1, . . . , 4. The main idea of
the algorithm is to check each of these four cases. Our algo-
rithm does the following for c = 1, . . . , 4: (1) remove e1, . . . ,
ec from MST(S) to get c + 1 subtrees T1, . . . , Tc+1 and (2) finds
a smallest disk Dc containing at least one point from each
subtree Ti, and then its center qc is a candidate for our solu-
tion (see Fig. 7).

Now, the problem is transformed to finding a smallest
disk Dc containing at least one point in each subtree Ti. This
can be tackled by algorithms computing the smallest color
spanning disk [1,16]; given points colored by one in a color
set C = {1, . . . ,c}, the smallest color spanning disk is a small-
est disk that contains at least one point for each color in C.
The smallest color spanning disk has been studied in Com-
putational Geometry with applications in multicommodity
facility location, and there exists a simple algorithm that
finds the disk in O(cn logn) time when we are given n total
points in the plane with c colors [16].

A pseudo-code of the algorithm, named EXACTONE, is de-
scribed in Fig. 6. Fig. 7 illustrates how Algorithm EXACTONE

works.
Fig. 11. Modified version of the algorithm by Wan

Please cite this article in press as: C. Lee et al., Best and worst-case cove
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Lemma 2. Algorithm EXACTONE correctly finds an optimal
deployment for a single additional sensor node in O(nlogn)
time.
Proof. The correctness of Algorithm EXACTONE for the bottle-
neck Steiner tree problem is proved in our companion
paper [5]. By Theorem 4, an optimal location q minimizing
the bottleneck also minimizes the support.

For the time complexity, computing MST(S) and sorting
its edges takes O(n logn) time and finding the smallest
color spanning disk takes O(cn logn) time [1]. Fortunately, c
runs from 1 to 4 only, so the total time complexity settles
down to O(n logn). h
4.3.2. Exact algorithm for k = 2
Now, we describe the exact deployment algorithm for

two additional sensors q1 and q2. The basic idea behind
the algorithm is similar to the case of k = 1. While we re-
move the longest edges from MST(S) in deceasing order,
we find the locations of q1 and q2 to minimize btn(S [ {q1, -
q2}). It is also shown that it is impossible to simultaneously
remove e1, . . . , e9 by two newly added nodes [5]. Hence, the
algorithm works as follows for c = 1, . . . , 8: (1) Remove e1,
. . . , ec from MST(S) to produce c + 1 subtrees T1, . . . , Tc+1,
and (2) Compute Q c ¼ q1

c ; q
2
c

� �
such that Qc connects the

subtrees Ti into one component and the length of their inci-
dent edges is minimized. Then, Qc is a candidate for the
solution.
g and Du for deploying k P 1 sensor nodes.
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(a) (b)
Fig. 12. Two examples of the execution of Algorithm WANG–DU: the results
of (a) WANG–DU(S,3) and (b) WANG–DU(S,4) for six given sensors S. The circled
numbers indicate the iteration of Algorithm WANG–DU when the node is
added.
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For k = 2, the optimal solution has two possible topolo-
gies depending on incidence between two additional
Fig. 13. Proposed

Please cite this article in press as: C. Lee et al., Best and worst-case cove
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sensors as shown in Fig. 8. We evaluate two cases and take
the better result as a candidate solution. Let T0 be an opti-
mal resulting tree which minimizes btn(S [ {q1,q2}) and
N(qi) be a set of neighbors of qi in T0. When q1 and q2 are
not adjacent (as shown in Fig. 8a), their neighbors are
points from S. Note that qi must be at the center of the
smallest disk that contains N(qi). This implies that qi is also
the center of the smallest color spanning disk for colored
points defined by the subtrees that N(qi) belong to. Thus,
we can compute the location of each qi using Algorithm
EXACTONE provided that the subtrees incident to N(qi) are
determined. We test all possible combinations of subtrees
and then choose the best as a candidate. Since the number
of subtrees is constant (c + 1), this takes O(f(c)n logn) time,
where f(c) is a function dependant only on c.

Suppose that q1 and q2 are adjacent as shown in Fig. 8b.
Since their locations are dependent on each other, we can-
not apply Algorithm EXACTONE to the computation of each qi.
algorithm.

rage problems for arbitrary paths in wireless sensor networks, Ad
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(b)
Fig. 14. Simulation for uniform initial deployments. (a) Support/breach improvement as the number n of initial nodes increases. (b) Improved pair ratio as n
increases.
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Fig. 15. Simulation for Poisson initial deployments. (a) Support/breach improvement as the number n of initial nodes increases. (b) Improved pair ratio as n
increases.
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Instead, we observe that in this case the distances from qi

to points in N(qi) are all equal. When N(qi) is determined,
it is easy to compute the location of q1 and q2. Since two
points in N(qi) consist of points selected from the subtrees,
the number of possible N(qi) is O(n2). However, it is shown
that the number of candidates for N(qi) can be reduced to
O(cn) [5]. Using this result, it takes O(c2n2) time to compute
the locations by evaluating the combinations of N(q1) and
N(q2) (see Figs. 9 and 10).

Lemma 3. Algorithm EXACTTWO correctly finds an optimal
deployment for two additional sensor nodes in O(n2) time.
Proof. The correctness of Algorithm EXACTTWO for the bot-
tleneck Steiner tree problem is shown in [5]. By Theorem 4,
an optimal location q minimizing the bottleneck also min-
imizes the support.

Computing MST(S) takes O(n logn) and finding two
optimal locations also takes O(c2n2 + f(c)n logn) [5]. Since
c < 8, total time complexity is O(c2n2). h.
Please cite this article in press as: C. Lee et al., Best and worst-case cove
Hoc Netw. (2013), http://dx.doi.org/10.1016/j.adhoc.2013.03.005
4.3.3. Approximation algorithm by Wang and Du
The algorithm by Wang and Du [31] finds k locations for

additional sensors in a greedy way. It also starts with the
minimum spanning tree MST(S): for each edge e = (u,v) in
MST(S), if we add ke sensors on e, then the length of the lon-
gest edge between u and v has the minimum value kek/
(ke + 1), where kek is the Euclidean length of edge e. We de-
note le = kek/(ke + 1) and initially set ke = 0 and le = kek in
the algorithm. The basic idea is to add one sensor on edge
e of MST(S) with the largest le value at a time. After adding a
sensor on e, we update ke ke + 1 and le accordingly. We
repeat this until all k sensors are added and then fix their
positions; for each edge e in MST(S), we locate newly added
sensors evenly on e. The original version of this algorithm
takes O(kn + n logn) time but we modified it to have a
slightly better time bound by using a heap structure. This
algorithm, named WANG–DU, is described as in Figs. 11, and
12 shows some examples of how Algorithm WANG–DU finds
locations for additional sensor nodes.

This simple greedy algorithm theoretically guarantees
the quality of its output.
rage problems for arbitrary paths in wireless sensor networks, Ad
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Fig. 16. Simulation for LNRO initial deployments. (a) Support/breach improvement as the number n of initial nodes increases. (b) Improved pair ratio as n
increases.
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Fig. 17. Comparisons for uniform initial deployments. (a) Support/breach improvement compared with Algorithms HOU and GAU. (b) Improved pair ratio
compared with Algorithm HOU.
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Fig. 18. Comparisons for Poisson initial deployments. (a) Support/breach improvement compared with Algorithms HOU and GAU. (b) Improved pair ratio
compared with Algorithm HOU.
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Fig. 19. Comparisons for LNRO initial deployments. (a) Support/breach improvement compared with Algorithms HOU and GAU. (b) Improved pair ratio
compared with Algorithm HOU.
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Lemma 4. Algorithm WANG–DU returns a set Q of locations for
k additional sensors such that

supportðS [ QÞ 6 2supportðS [ QoptÞ;

where Qopt is a set of optimal locations for k additional sen-
sors. Its running time is at most O((n + k) logn).
Proof. Since Algorithm WANG–DU is a 2-approximation algo-
rithm for the bottleneck Steiner tree problem [31], the
same approximation ratio holds for the support or breach
value. Steps 5–7 are executed k times. Since the max-heap
can be constructed in O(n logn) time and each operation on
it takes at most O(logn) time [8], the claimed time com-
plexity O((n + k) logn) follows. h
4.3.4. Algorithm NASDA

We propose a new deployment algorithm based on the
three algorithms EXACTONE, EXACTTWO and WANG–DU. Each algo-
rithm described above has its own limitation: Algorithms
EXACTONE and EXACTTWO work only for k 6 2 and Algorithm
WANG–DU finds locations of additional sensor nodes only
on the edges of the minimum spanning tree MST(S) of S.
Hence, by combining these algorithms, we could find bet-
ter solutions in practice. As aforementioned, Algorithm
WANG–DU adds new nodes incrementally in a greedy way,
while Algorithms EXACTONE and EXACTTWO can put added sen-
sors that are not on any edge of MST(S). If this is not the
case, execution of EXACTONE(S) or EXACTTWO(S) should return
the same solution as WANG–DU(S,1) or WANG–DU(S,2), respec-
tively. We thus execute Algorithms EXACTTWO and EXACTONE

iteratively and we accept it only if the output remarkably
improves the bottleneck; otherwise, we simulate Algo-
rithm WANG–DU, keeping its intermediate status. This strat-
egy is implemented to be our new algorithm NASDA, which
stands for Novel Additional Sensor Deployment Algorithm.
Algorithm NASDA is described in Fig. 13.

More specifically, Algorithm NASDA executes Algorithms
EXACTONE and EXACTTWO (steps 6 and 13) at every iteration
and tests if their outputs are good enough to accept (lines
Please cite this article in press as: C. Lee et al., Best and worst-case cove
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20 and 25). For the testing, it maintains the following
invariants and variables at every iteration of steps 6–37:

� P: the set of Steiner points added by simulation of Algo-
rithm WANG–DU. Those in P may be rearranged after inser-
tion of another Steiner point.
� Q: the set of Steiner points added by execution of Algo-

rithm EXACTONE or EXACTTWO. Those in Q are fixed and will
be included in the final solution.
� TQ: a tree set to be MST(S [ Q).
� TPQ: a tree set to be MST(S [ P [ Q).
� For each edge e of TQ, le is set to be the l-value of e and ke

is set to be jP \ ej. L is a sorted list of l-values for edges
of TQ such that L[1] P L[2] P . . . P L(jPj + jQj � 1). Each
entry L[j] of L has a pointer to the corresponding edge
e such that L[j] = le. These variables play the same roles
as in Algorithm WANG–DU.

Execution of EXACTONE(S [ P [ Q) at step 6 results in a
Steiner point q1 and a bottleneck Steiner tree T1 that is in-
deed a minimum spanning tree MST(S [ P [ Q [ {q1})
including q1. As described above, EXACTONE(S [ P [ Q) re-
places a number of longest edges of TPQ by others incident
to q1 to get T1. Thus, A1 is the set of edges removed during
this process and B1 is the set of edges incident to q1 in T1.
Similarly, variables associated with execution of EXACT-

TWO(S [ P [ Q) at step 13 are explained.
The testing of the outputs obtained at steps 6 and 13 is

done at steps 20 and 25, respectively. If the testing at line
20 is passed, we accept the output of EXACTTWO(S [ P [ Q)
and include the two Steiner points q2,1 and q2,2 into the
set Q; otherwise, if the testing at step 25 is passed, we ac-
cept the output of EXACTONE(S [ P [ Q) and include the Stei-
ner point q1 into the set Q. If both testings are failed, we
simulate Algorithm WANG–DU (steps 31–36). In any case,
we update and maintain the invariants described above,
accordingly.

The testings at steps 20 and 25 are indeed done in a
conservative way so that they are passed only when
accepting the considered output is clearly better than a
rage problems for arbitrary paths in wireless sensor networks, Ad
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series of iterations of Algorithm WANG–DU only. Hence, NAS-

DA(S,k) returns a solution at least as good as that of WANG–

DU(S,k). More precisely, the claim is summarized and
proved as follows.

Lemma 5. Let QNASDA be the output of NASDA(S,k) and
QWang—Du the output of WANG–DU(S,k) for any set S of sensors
and any positive integer k. Then, we have

supportðS [ QNASDAÞ 6 supportðS [ Q Wang—DuÞ:

The time complexity of Algorithm NASDA is at most O(k
(n + k)2).
Proof. Let S be any given set of points (sensors) in domain
X and k be a positive integer. We run Algorithms WANG–DU

and NASDA, separately, on the same input (S,k). Recall that
Algorithm NASDA performs the exactly same iterations as
Algorithm WANG–DU if both the testings at steps 20 and 25
are failed. In this proof, thus, the execution of Algorithm
WANG–DU is assumed to be done by running Algorithm NASDA

ignoring steps 20–30. We shall use all the variables used in
the description of Algorithm NASDA (Fig. 13) without rede-
fining them.

To track intermediate status of each iteration of both
algorithms, we let m be the current number of newly
deployed sensors; that is, m = jPj + jQj in Algorithm NASDA.
Also, for m = 0, . . . , k, let Lm be the snapshot of list L of l-
values in the execution of Algorithm NASDA when
m = jPj + jQj, and L0m be that in the execution of Algorithm
WANG–DU. We claim that Lm½1� 6 L0m½1� for every m = 0, . . . , k,
which is equivalent to supportðS [ QNASDAÞ 6
supportðS [ QWang—DuÞ since Lk½1� ¼ btnðS [ QNASDAÞ ¼
2supportðS [ QNASDAÞ and L0k½1� ¼ btnðS [ QWang—DuÞ ¼
2supportðS [ QWang—DuÞ.

Suppose that the testing at step 20 or 25 is passed for the
first time at some iteration with m = m0 during execution of
Algorithm NASDA. This implies that for any m 6m0 it holds
that Lm½j� ¼ L0m½j�. Assume that this is the case of step 25. The
other case (step 20) can be handled similarly. Let q1, a1, d1, i1
be as declared in Algorithm NASDA. Also, assert that d1 P 3
and k �m 6 i1 � 1 by the conditions of step 25. Adding q1

into Q causes removal of the edges A1 from MST(S [ P [ Q).
As discussed above, Algorithm EXACTONE removes the c
longest edges from the minimum spanning tree and replace
them by a new node and c + 1 shorter edges. Since d1 P 3,
we know that A1 consists of at least three longest edges of
MST(S [ P [ Q). This implies that Lm0þ1½1� 6 Lm0 ½3�. Recall
that a1 is the length of longest edge incident to q1 in the
resulting tree and it holds that Lm0 ½i1�P a1 P Lm0 ½i1 þ 1� by
step 12. This implies that for 1 6 j 6 i1 � 2

Lm0þ1½j� 6 Lm0 ½jþ 2�

and

Lm0þ1½i1 � 1� 6 a1:

For the iteration of Algorithm WAND–DU when m = m0, it
simply picks the edge associated with L0m½1� and put a sen-
sor on it. Thus, it breaks only the edge with the largest l-
value. This implies that
Please cite this article in press as: C. Lee et al., Best and worst-case cove
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L0m0þ1½j�P L0m0
½jþ 1�:

Comparing the values of Lm0þ1 and L0m0þ1, for any
1 6 j 6 i1 � 2, we have

Lm0þ1½j� 6 Lm0 ½jþ 2� ¼ L0m0
½jþ 2� 6 L0m0

½jþ 1� 6 L0m0þ1½j�;

for j = i1 � 1, we have

Lm0þ1½i1 � 1� 6 a1 6 Lm0 ½i1� ¼ L0m0
½i1� 6 L0m0þ1½i1�:

Summarizing, for any 1 6 j 6 i1 � 1, the following
holds:

Lm0þ1½j� 6 L0m0þ1½j�:

Afterwards, for any m > m0, even if both the tests at
steps 20 and 25 are never passed, our claim that
Lm½1� 6 L0m½1� remains to be true, since Lm0þ1½j� 6 L0m0þ1½j�
for any 1 6 j 6 i1 � 1 and the number k �m of remaining
nodes to be added is at most k � (m0 + 1) 6 i1 � 2. Other-
wise, for some m = m0 > m0, if one of the tests at steps 20
or 25 is passed, then we repeat the above argument to
show that accepting the solution of Algorithm EXACTONE or
EXACTTWO is clearly better than iterations of Algorithm
WANG–DU. This proves that our claim that Lm½1� 6 L0m½1� for
any m = 0, . . . , k is true.

About the time complexity: Let j:¼jPj + jQj at an itera-
tion of Algorithm NASDA. The iteration takes at most
O((n + j)2) time; the bottleneck is the execution of Algo-
rithm EXACTTWO at step 13. Completing an iteration
increases j by one or two. Thus, the total time complexity
of Algorithm NASDA is at most

Pk
j¼1Oððnþ jÞ2Þ ¼ O

ðkðnþ kÞ2Þ. h

Therefore, Algorithm NASDA guarantees at least ratio-2
approximation and is expected to even find a better solu-
tion in practice. Note that in practice, the number k of
deploying sensor nodes is usually smaller than the number
of sensor nodes distributed currently in the domain. In this
case, the asymptotic behavior of the running time of Algo-
rithm NASDA becomes O(kn2).

5. Simulation results

We empirically validate our deployment algorithm pre-
sented in Section 4. We run several deployment algo-
rithms, including our algorithm NASDA, on a given sensor
field or domain X in which n sensors are initially spread.
In order to show how much Algorithm NASDA improves
the sensor network and outperforms other existing algo-
rithms, we evaluate two quantities: support/breach
improvement and improved pair ratio.

� The support/breach improvement is defined to be the
support/breach after deployment divided by that before
deployment. Evaluating the support/breach value can
be done simply by finding the longest edge in a mini-
mum spanning tree by Theorem 3.
� The improved pair ratio is defined to be the proportion

of pairs (s, t) of points in the domain X such that sup-
port(s, t) is improved after deploying additional sensor
nodes. To empirically measure the improved pair ratio,
rage problems for arbitrary paths in wireless sensor networks, Ad
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we randomly generated 500 pairs in the domain X and
counted the number of pairs where the support dis-
tance support(s, t) improved.

5.1. Experimental configuration

Our experimental configuration was as follows: Our do-
main X is set to be a square and the initial set S of n sensors
in X is randomly generated under the following three dif-
ferent distributions.

Uniform S is generated under a uniform distribution on
X.

Poisson S is generated via the Poisson point process with
rate from 10 to 100. For more details on the
Poisson process, see a book by Kingman [18].

LNRO LNRO, standing for Line-based Normal Random
Offset, models a distribution of sensors when
dropped from aircrafts [26]. In our experiment,
to get S from LNRO distribution, we deploy

ffiffiffi
n
p

sensors on
ffiffiffi
n
p

lines.

The number n of initial sensor nodes S ranges from 10 to
100. Given each initial deployment, we deployed k addi-
tional nodes for k = 1, . . . , 4 by executing deployment
algorithms.

5.2. Results

The first stage of our experiment shows how much
Algorithm NASDA improves the sensor network as the num-
ber of additionally deployed sensor nodes increases.
Figs. 14–16a show the support/breach improvement when
we add up to four additional sensor nodes by executing
Algorithm NASDA given n sensors S initially deployed in uni-
form, Poisson, and LNRO distributions, respectively. As the
number n of initial sensors increases, the support/breach
improvement tends to decrease due to higher density of
initial sensors. Thus, for all three different distributions,
the support/breach improvement degrades gradually. Ob-
serve that the graphs show a rapid decrease for small n
but, however, soon stabilize for over 50 initial nodes. No-
tice, in particular, that a single addition results in more
than 10% support/breach improvement even among a large
number of initial nodes. Moreover, when we add more sen-
sor nodes, we achieve remarkably better performance;
deploying only four sensor nodes gives more than 25% sup-
port/breach improvement among 100 initial nodes.

As our algorithms described in Section 4 are designed to
improve the support of the sensor network considering
arbitrary paths, it is expected that a large portion of the
paths would be affected and improved. Figs. 14–16b show
that this expectation is indeed realized for all three initial
deployments. The graphs of the improved pair ratio are
more or less constantly decreasing compared to those of
the support/breach improvement; this is because as the
number n of initial nodes increase, deploying a fixed num-
ber of sensors affects relatively smaller areas of the whole
domain X. Nonetheless, Algorithm NASDA shows significant
results in all three initial deployments; among 100 initial
nodes, adding a single node by Algorithm NASDA improves
Please cite this article in press as: C. Lee et al., Best and worst-case cove
Hoc Netw. (2013), http://dx.doi.org/10.1016/j.adhoc.2013.03.005
more than 25% of maximal support paths and adding four
nodes improves almost 80% of maximal support paths. This
also proves the excellence of our novel measure, the sup-
port/breach of a wireless sensor network; improving the
support value support(S) affects and improves support(s, t)
for a large portion of source–destination pairs (s, t) in do-
main X, so it indeed represents a global path-based cover-
age of a network.

In the second stage, we compared Algorithm NASDA with
previously best methods of deploying additional sensor
nodes. For the best-case coverage, we selected the method
by Hou et al. [14], named Algorithm HOU hereafter, that de-
ploys sensors optimally for a given source–destination pair
to minimize the support of the path. For the worst-case
coverage, the method by Gau and Peng [12], named Algo-
rithm GAU hereafter, is chosen. This finds the dual maximal
support path and deploys additional sensors uniformly
along the maximal support path from the longest edges.

Because Algorithms HOU and GAU are to improve the gi-
ven maximal support/breach path, not the support/breach
of the sensor network, the comparison with our Algorithm
NASDA would not be proper. In the experiment, we gave best
possible maximal support/breach paths as input of Algo-
rithms HOU and GAU to minimize the advantage of Algorithm
NASDA compared to them. More precisely, we gave a maxi-
mal support path with the largest support distance, which
determines support(S), as input of Algorithm HOU; a maxi-
mal breach path with the largest breach distance, which
determines breach(S), as input of Algorithm GAU.

Fig. 17a shows the support/breach improvement after
additional deployment by executing NASDA(S,1), NASDA(S,2),
NASDA(S,4), HOU(S,1), HOU(S,4), GAU(S,1), and GAU(S,4) for the
uniform deployment, where HOU(S,k) and GAU(S,k) denote
the additional deployment of k sensor nodes by Algorithm
HOU and Algorithm GAU, respectively. Fig. 17b shows the im-
proved pair ratio after additional deployment by executing
NASDA(S,1), NASDA(S,2), NASDA(S,4), HOU(S,1), and HOU(S,4). For
the improved pair ratio, we did not examine Algorithm
GAU since the improved pair ratio deals with maximal sup-
port paths but Algorithm GAU tries to optimize a given
maximal breach path in terms of the breach between a
source–destination pair.

Observe that in both the support/breach improvement
and the improved pair ratio deploying two nodes by Algo-
rithm NASDA is shown to be even better than deploying four
nodes by Algorithm HOU or by Algorithm GAU. Moreover, in
the support/breach improvement, deploying only a single
node by Algorithm NASDA performs comparably with
deploying four nodes by Algorithm HOU or by Algorithm
GAU. Adding four nodes by Algorithm NASDA exhibits its out-
standing quality in both quantities. Figs. 18 and 19a and b
show the support/breach improvement and the improved
pair ratio for the initial deployment S under Poisson and
LNRO distributions, respectively. These graphs also show
similar results to the random uniform deployment.
6. Discussions and conclusions

We have proposed a new coverage measure, namely,
the support/breach of a wireless sensor network for con-
rage problems for arbitrary paths in wireless sensor networks, Ad
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sidering arbitrary maximal support/breach paths. Unify-
ing the best-case and the worst-case coverage, this pro-
vides a global way of evaluating a given network, not
restricted by a specific pair of points or a path connect-
ing them. Another contribution of our work is showing
that the minimum spanning tree is enough to find a
maximal support path between any pair of points in
the domain. Based on this new discovery, we proved
the evaluation and the deployment problems can be
transformed into the bottleneck spanning/Steiner tree
problem. Utilizing knowledge from computational geom-
etry and operations research, we presented efficient cen-
tralized and distributed algorithms from both theoretical
and practical viewpoints with formal proofs and simula-
tion results.

One of our further research directions is to extend ideas
of this work to heterogeneous sensor networks where sen-
sors may have various sensing/communication ranges. In-
deed, such an extension of our idea seems not trivial and
is expected to involve more interesting connections to
other geometric structures, such as weighted Voronoi dia-
grams, power diagrams, and their dual structures.
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